We present the gluon-gluon and photon-gluon helicity amplitudes for color singlet and octet charmonium production in polarized and unpolarized hadron-hadron and photon-hadron collisions.
I. INTRODUCTION
The amplitudes for the production of charmonia states in hadron-hadron and photon-hadron collisions are usually calculated within the framework of non-relativistic quantum chromodynamics (NRQCD). Several perturbative QCD reactions are required among them being g + g → g + charmonia and γ + g → g + charmonia, where g represents a gluon. The latter can either be color singlet or color octet states. Specific results have been presented in [1] , [2] , [3] , [4] and [5] , among others. However a close examination of these papers reveals inconsistencies between the published results. Also while the individual helicity amplitudes are available in the color singlet case we could not find the corresponding results for the color octet case. Therefore we have calculated the amplitudes by helicity methods and present our results below. For the benefit of the reader we also give some details of the calculation.
We used the helicty method described in the book by Gastmans and Wu [6] (see also [1] ) to calculate processes where three gluons or two gluons and a photon form charmonium. Like Gastmans and Wu we projected out the lowest angular momenta states of the heavy quark pair, namely 1 S 0 , 3 S 1 , 1 P 1 , 3 P 0 , 3 P 1 and 3 P 2 , using appropriate projection operators (see [7] ). We then flipped one of the gluons from incoming to outgoing and with these squared matrix elements calculated the polarized and unpolarized differential cross sections. * Electronic address: m.meijer@hef.ru.nl † Electronic address: smith@max2.physics.sunysb.edu ‡ Deceased
II. THREE GLUONS
Gastmans and Wu have presented results for the differential cross section for the production of a color singlet heavy quark pair in angular momentum states 2S+1 L J . They begin with the reaction with three incoming gluons where the momenta and colors of the particles are labelled as g(k 1 , a)+g(k 2 , b)+g(k 3 , c) → q(p/2+q)+q(p/2−q) . (1) There are six Feynman diagrams where the three gluons couple directly to the heavy quark line and six diagrams where two gluons couple to the heavy quark line.
There are eight helicity matrix elements which are labelled by assigning either a + or a − to each gluon and which are related by CP conjugation and crossing. All eight can be derived from two, called |M (+, +, +)| 2 and |M (+, +, −)| 2 . We will list them below. The gluon helicities for the 2S+1 L J (+,+,+) combination are
2 /4 is a normalization factor. In principle there should be extra terms in these expressions but they do not change the answers The denominators of the helicity amplitudes are written in these variables while the numerators contain terms in s. Therefore the crossing simply involves changing s → t and s → u in the numerators of our expressions.
We have also calculated the corresponding amplitudes for the production of a color octet heavy quark pair which requires four additional Feynman diagrams for processes where only one gluon couples to the heavy quark pair. These contain three gluon and four gluon couplings. The color octet projection operator is required so the factor δ ij / √ 3 in the color singlet case is replaced by √ 2T a ij . Also the color octet amplitudes cannot be determined from decay processes so they are fit to quarkonium production differential cross sections in proton-proton, protonantiproton and photo-hadron collisions.
We compare our results with those in previous papers. The differential cross section for unpolarized reactions such as P +P → cc+X contains the sum of the squares of the helicity amplitudes, |M (+, +; +)
The color singlet case results are given by [6] and [1] , which we refer to as GW and GTW respectively. The color octet results are available in the Appendix of Cho and Leibovich [2] , which we refer to as CL. The differential cross sections for longitudinally polarized collisions contain the differences |M (+, +; +)| 2 + |M (+, +; −)| 2 − |M (+, −; −)| 2 − |M (−, +; −)| 2 , and are listed for both the color singlet and the color octet cases in the paper of Klasen, Kniehl, Mihaila and Steinhauser [5] , which we refer to as KKMS.
A. Matrix Elements Squared
We now list the results for the squares of the color singlet matrix elements when the heavy quark pair (with mass M ) is in the appropriate angular momentum state. However for convenience we rename
1 ] and
2 ] , where the final superscript indicates the color singlet.
Color Singlet

For
1 S 0 we find
where the color states of the gluons have been summed over. These results agree with the squares of (8.29) and (8.40) in GW. For 3 S 1 we find
where the color states of the gluons have been summed over. The polarization of the spin one charmonium state has also been summed over. The second result agrees with the (8.50) in GW after correcting an obvious typo that
For 1 P 1 we find, after summing over colors and polarizations,
Here we agree with the results (8.55) and (8.57) in GW. For 3 P 0 we find, after summing over colors and polarizations,
. (11b) Here we agree with the results in (8.59) in GW. For 3 P 1 we find, after summing over colors and polarizations,
which agrees with (8.63) in GW. For 3 P 2 we find, after summing over colors and polarizations,
which agrees with (8.70) in GW.
Color Octet
Now we present the corresponding results for the color octet projections. These results do not seem to be available in the literature. We have only found expressions for the differential cross sections which we will compare to ours later on. We give these results since we need the differences between the helicity combinations to check the octet longitudinally polarized differential cross sections. The constants from the wave functions are now simply renamed as
0 ] etc., since there are other definitions in the literature. We will present the relations between the definitions later on.
For
For 3 S 1 we find
For 1 P 1 we find
For 3 P 0 we find
For 3 P 1 we find
For 3 P 2 we find
B. Unpolarized Differential Cross Sections
These follow from the sum of the squares of the helicity matrix elements |M (+, +; +)| 2 + |M (+, +; −)| 2 + |M (+, −; −)| 2 + |M (−, +; −)| 2 with the substitutions s → t and s → u as described above. However to sum over all polarization states we have to multiply by 2 to include the CP conjugates. Then one adds the average over the initial gluon colors and polarizations (1/256) and multiplies by an overall factor of 1/(16πs 2 ).
Color Singlet
These results can be compared with the results in GW and KKMS. The latter authors give the differential cross sections as functions of polarization factors ξ a ξ b in the form a(s, t, u) + ξ a ξ b b(s, t, u). The unpolarized cross sections are obtained by setting ξ a ξ b = 0. We call these the first terms and the coefficients of ξ a ξ b , which yield the longitudinally polarized differential cross sections, the second terms. Note that, due to the differences in the definitions of the wave functions, our comments concern the polynomial dependence of a(s, t, u) and b(s, t, u) on the invariants. However we will also identify the prefactors. This is possible because their polarized differential cross sections agree with ours.
For
which agrees with (8.46) in GW. However it does not agree with the first term in (A.16) in KKMS, who use the notation where
which agrees with (8.52) in GW and also agrees with the first terms in (A.17) in KKMS, who use the notation where R[ 3 S
1 ] /3.
which agrees with (8.58) in GW. It also agrees with the first terms in (A.18) in KKMS, who use the notation where R[ 1 P
1 ] /9. For 3 P 0 we find 
which agrees with (8.64) in GW. 
which agrees with (8.71) in GW after correcting a typo.
The expression is given correctly in their published paper [1] . Also it does not agree with the first terms in (A.21) in KKMS, who use the notation where
2 ] /15. In view of these differences we contacted the authors of the KKMS paper. They calculated their results with projection operators for the sums over the gluon polarization states, which required the calculation of additional ghost diagrams. However they inadvertently presented the formulae (A.16), (A.19), (A.20) and (A.21) without the contributions from these ghost terms. They claim that the correct formulae are included in their fortran programs and that their numerical results are therefore correct.
Color Octet
These can be compared with the results for the squares of the matrix elements in the appendix of CL and with the first parts of the expressions in Appendix A of KKMS.
First we find for
which agrees with (A5a) in CL. It does not agree with the first part of (A.22) in KKMS, who use the notation where
which agrees with the sum of (A5b) plus (A5c) in CL. It does not agree with the first terms in (A.23) in KKMS, who use the notation where R[ 3 S
The expression for
is not given in CL. It does not agree with the first terms in (A.24) in KKMS, who use the notation where
1 ] /18. Now we turn to the expression for
which agrees with (A5d) in CL. It does not agree with the first terms in (A.25) in KKMS, who use the notation where
which agrees with the sum of (A5e) and (A5f) in CL. It does not agree with the first terms in (A.26) in KKMS, who use the notation where R[
which agrees with the sum of (A5g) plus (A5h) plus (A5i) in CL, after correcting an obvious typo that the term −Mŝ 2 , which multiplies the second line in (A5i), should read −M 2ŝ . It does not agree with the first terms in (A.27) in KKMS, who use the notation where
2 ] /30. The explanation for the difference between our results and (A.22) -(A.27) in KKMS is again that they inadvertently neglected to include ghost contributions to their amplitudes. However they claim that they did so in their computer programs so their numerical results are correct.
In view of the differences in the above results and before contacting KKMS we recalculated the differential cross sections by summing over the physical polarizations of the external gluons using the covariant expression
with
where n µ satisfies n µ P µν = P µν n ν = 0 and n 2 = 0. One uses this sum for each external gluon and the answer for the square of the matrix elements should be independent of n µ . This method does not require any ghosts and yielded the same answers we obtained above for the differential cross sections.
C. Polarized Differential Cross Sections
Now we calculate the expressions |M (+, +; +)
, which yield the longitudinally polarized differential cross sections.
Color Singlet
We begin with the color singlet expressions. These are available in KKMS as the second terms, i.e., b(s, t, u), those terms proportional to ξ a ξ b . The prefactors are identified as in the unpolarized differential cross sections given previously. We repeat them here for convenience.
This is in agreement with the second terms in (A.16) in KKMS, when we make the replacement R[ 1 S
This is in agreement with the second terms in (A.17) in KKMS, when we make the replacement R[ 3 S
1 ] /3. 
This is in agreement with the second terms in (A.18) in KKMS, when we make the replacement R[ 1 P
1 ] /9. For 3 P 0 we find
This is in agreement with the second terms in (A.19) in KKMS, when we make the replacement R[ 3 P
This is in agreement with the second terms in (A.20) in KKMS, when we make the replacement R[ 3 P
1 ] /9.
This is in agreement with the second terms in (A.21) in KKMS, when we make the replacement R[ 3 P
2 ] /15. Our polarized differential cross sections agree with those in KKMS because their method of calculation does not require ghost contributions.
Color Octet
These are only available in the Appendix of KKMS.
We begin with 1 S 0 :
This is in agreements with the second terms in (A.22) in KKMS, if we make the replacement R [ 1 S
which agrees with the second terms in (A.23) in KKMS, if we make the replacement R [ 3 S
1 ] /6.
This is in agreement with the second terms in (A.25) in KKMS, if we make the replacement R [ 3 P
This is in agreement with the second terms in (A.26) in KKMS, if we make the replacement R [ 3 P
1 ] /6. The sum and the difference agree with (A6) and (A7) in YDHC once a typo is corrected; the last term in these equations should have been (t + u) −2 instead of (t + s) −2 . The sum agrees with (A2) in KLS. 
